Spacecraft formations typically have to rely upon active control methods to maintain stable configurations. This requirement imposes an associated cost on the satellite through fuel expenditure, actuator mass, and computation time for the controller. This paper proposes using the flux-pinning interaction between a high-temperature superconductor and a magnetic field as a means to reduce these costs by passively stabilizing the dynamics governing the relative motion between spacecraft. A simplified model of a flux-pinned spacecraft formation is developed to provide the framework for future analysis. Linearization of this model about an equilibrium state allows for the development of a state-feedback control law. This framework is then applied to a simplified two-spacecraft formation in a nominally circular orbit about a central body and controlled to two distinct equilibrium separations. 
Spacecraft formations typically have to rely upon active control methods to maintain stable configurations. This requirement imposes an associated cost on the satellite through fuel expenditure, actuator mass, and computation time for the controller. This paper proposes using the flux-pinning interaction between a high-temperature superconductor and a magnetic field as a means to reduce these costs by passively stabilizing the dynamics governing the relative motion between spacecraft. A simplified model of a flux-pinned spacecraft formation is developed to provide the framework for future analysis. Linearization of this model about an equilibrium state allows for the development of a state-feedback control law. This framework is then applied to a simplified two-spacecraft formation in a nominally circular orbit about a central body and controlled to two distinct equilibrium separations. Y DIVIDING a task between spatially separated modules, a given mission stands to obtain increased performance and mission life span. The concept of using formations to affect these gains has already found use in applications ranging from urban search-andrescue operations to space-based observational platforms. Employing several robotic agents in a search-and-rescue operation not only increases the observational capacity of the operation but also has demonstrated an increase in human performance and communication, suggesting a hybrid team of humans and multiple vehicles coordinating to complete the task [1] . One of the more prominent examples of a planned space-based formation is that of the Terrestrial Planet Finder (TPF). The TPF aims to create an effective observational platform by combining data from several spacecraft in formation to synthesize an image that would otherwise require a much larger monolithic spacecraft to collect [2] . The Defense Advanced Research Projects Agency F6 program has further enhanced the interest and visibility of spacecraft formations by encouraging research in areas such as communication networking, close-and long-range formation flight, and collision avoidance in formation flight [3] . Spacecraft formations also introduce opportunities for modularization and reduced total system weight through the removal of mechanical linkages. These advantages, in turn, likely reduce launch costs, extend system life, and simplify component repair procedures.
One of the specific challenges that spacecraft formation flight poses is that of relative motion control. Gravitational and environmental effects tend to disperse uncontrolled and dynamically unlinked spacecraft, requiring either a control input to the system or additional dynamics linking the states of the vehicles together in a manner to maintain formation integrity. Specific solutions to the control aspect of this problem focus on the development of statefeedback controllers based on model linearization or suitable nonlinear controls schemes [4] [5] [6] [7] [8] . Most of these solutions require constant or periodic actuation of the system, translating into an increased mission cost through fuel expenditure and computational time. These penalties suggest instead the addition of dynamics to the system to create the desired formation. Most of the concepts in this area focus on using electromagnetic effects to couple the states of spatially separated spacecraft together, effectively adding dynamics to the system without requiring a physical linkage between the vehicles. One concept proposes the creation of a virtual coulomb structure in which each spacecraft is given a charge, resulting in electrostatic attraction and repulsion [9] . Another similar concept focuses on electrically charged spacecraft formations in orbit about a central body with a magnetic field [10] . In this case, the vehicles use the Lorentz force to change their orbital velocity to match that of the formation. The attraction between electromagnets has also been studied for application to long-range formation flight [11] . Although these solutions do add dynamics to the system to create a multivehicle formation, Earnshaw's Theorem still requires active control of any electromagnetically interacting system attempting to maintain relative position or follow an arbitrary path [12] . As a result, a controller still needs to be developed to regulate the formation shape in these solutions.
The flux-pinning effect that occurs between a magnetic field and a high-temperature superconductor (HTSC) sidesteps this issue by instead being characterized by the change of magnetic flux through the HTSC surface rather than straight electromagnetic attraction, making it an attractive candidate for creating static connections between spacecraft or complete noncontacting kinematic mechanisms [13, 14] . Although the dependence of a flux-pinned interface upon the change in magnetic flux through a surface places limitations on the effective range of the connection, many formation tasks, such as docking, are based on the close proximity of the relevant vehicle. To analyze a formation tied together with flux-pinning interfaces, we first need to adopt an appropriate mathematical model of the interaction and integrate it with a dynamics model of the formation.
II. Model Setup
Flux pinning refers to the interaction between a magnetic field and an HTSC. Motion of the magnetic field induces current vortices inside the HTSC, which then react to changes in the magnetic flux passing through the HTSC surface and establish passively stable relative separation and attitude between the HTSC and magnetic field source. The electrical resistance within the HTSC is negligible under appropriate temperature conditions, and so these vortices persist for extended periods of time. Creating an accurate physics-based model of this interaction between these vortices and the original magnetic field represents a dauntingly complex task. Several groups have worked on creating models based on approximations or around specific setups [15] [16] [17] [18] [19] . Kordyuk proposed a particularly general model of the flux-pinning effect termed the frozen image model. This model approximates the magnetic field due to sources inside the HTSC as the sum of two fields based on the current relative position and the field-cooled relative position of the field with respect to the HTSC surface [20] . Figure 1 describes the general setup of the image model for this analysis. Two assumptions serve to simplify the forcing model: that the magnetic dipole vector is parallel to one pointing between the centers of mass P 1 and P 2 of the spacecraft and that the force applied over the minimal separation distance between the spacecraft surfaces removes any torque interactions due to flux pinning. Furthermore, assuming spherical spacecraft of radii 1 and 2 with uniform mass distributions allows for a simple determination of the separation between the magnetic dipole and HTSC surface. As neither gravity nor flux pinning will result in a torque applied to the individual spacecraft, the attitudes of the two spacecraft will not vary. This reduces the number of states for consideration while still allowing some fidelity in the dynamics governing the relative separation between the vehicles. Although not examined explicitly in the context of orbiting bodies, experimental observations by Shoer and Peck demonstrate effectively rotational stiffness and damping between a flux-pinned HTSC and magnetic dipole pair for small angle perturbations, implying inherent disturbance rejection capabilities and passive attitude stability for appropriate separation distances [13] .
The internal force produced by flux pinning under the image model depends upon the field-cooled separation d 0 of the setup: the distance between the magnetic field source and the HTSC when the HTSC is initially chilled to its superconducting state. The damping associated with flux pinning depends upon the HTSC properties and can be modified to some extent by introducing eddy current damping by placing some aluminum near the HTSC. Shoer and Peck observed that, in cases in which the magnetic field source and HTSC remain in the vicinity of their field-cooled locations, the damping due to flux pinning is approximately linear [13] . With the separation between P 1 and P 2 described as , a simplified version of Kordyuk's image model with damping takes the following form:
It should be noted that using an adapted version of Kordyuk's image model comes with the inherent assumptions of a flat, ideal superconductor and that the field penetration depth is much less than the system's characteristic dimension [20] . These assumptions place some effective limitations on the separation distances for a dipole and superconductor pair over which this force model would be a valid approximation. As the force rapidly decreases with increased separation between the HTSC surface and the dipole, flux pinning would only be appropriate for extremely close-range applications. Shoer and Peck demonstrate this model's viability for their experimental setup for separations up to 10 cm [13] .
III. Relative Motion Formulation
We are interested in examining the dynamics of a flux-pinned connection between vehicles in orbit. Developing a set of equations of motion describing the relative motion of two spherical spacecraft in near-circular orbits is the first step toward analyzing the stability of this simple setup and forms the basis for examining the properties of systems of greater complexity.
Under the assumption that the formation center of mass travels on a circular orbit, we need three generalized coordinates to capture the relative motion of P 1 and P 2 . Coordinates , 1 , and 2 , as shown in Fig. 2 , completely and uniquely describe the range of possible configurations of the system where 1 and 2 constitute a 3-2 Euler angle sequence:
This same circular orbit assumption defines the angular velocity of frame RSW relative to the inertial frame N as a vector with constant magnitude and direction w. We choose generalized speeds as the vector measures of the inertial time derivative of the vector pointing between P 1 and P 2 in terms of b 1 , b 2 , and b 3 . 
where c 2 cos q 2 . Solving for the time derivative of the generalized coordinates, The two spacecraft considered in this analysis are under the influence of gravitational attraction to a central body and an internal force acting between the two vehicles. With the choice of generalized coordinates and speeds from Eqs. (2) and (3), applying these forces to the system results in the following equations of motion: 
where c 1 cos q 1 , t 2 tan q 2 , M m 1 m 2 , r cm is the constant radius of the formation center of mass' orbit, and r 1 and r 2 are functions of the generalized coordinates that describe the scalar radial distance of P 1 and P 2 to the central body. The Appendix goes into further derivation of Eqs. (5-7) . Together, Eqs. (4-7) fully describe the nonlinear dynamics of the model. These equations depend upon the system conforming to the assumptions inherent in the flux-pinning model and the magnetic dipole having a negligible interaction with the ambient magnetic field. It should be noted that the representation of the equations of motion are dependent upon the variables chosen. Although an alternate set of equations may have more compact representations, our choice of u 1 , u 2 , and u 3 intuitively provide insight into the motion of the separation vector relative to a frame rotating with the formation in terms of Cartesian coordinates.
IV. Linearized System
The effects of the gravity gradient torque applied across the two spacecraft establishes an equilibrium orientation of the formation and in tandem with the intervehicle force F defines an equilibrium separation distance. These conditions correspond to the following nominal generalized coordinates and speeds: Fig. 2 Layout of the system modeled. , 1 , and 2 describe the configuration of the system relative to the system center of mass, assumed to travel on a circular orbit. Fig. 3 FP (J=T) required to establish a given equilibrium separation with a given field-cooled HTSC-dipole separation d 0 . Fig. 4 Finding the zeros of _ u 1 defines the equilibrium separation distances for a particular setup. Note the horizontal axis is in terms of surface separation, 1 2 . In this case, using the parameters from Table 1 locates the equilibrium separation between P 1 and P 2 at distances of 0.6201 and 0.7000 m. 
Setting the time derivatives of the generalized coordinates and speeds to zero in Eqs. (3) and (5-7) produces a set of equations that define states of equilibrium about which a linearization of the system can occur. Setting the angles 1 and 2 to zero as in Eq. (8) corresponds to a gravity gradient stabilized orientation of the formation and satisfies the equilibrium condition for Eqs. (6) and (7). However, substituting these values into Eq. (5) reveals that there is potentially more than one equilibrium separation distance between the two vehicles in orbit. This result arises from the flux-pinning interaction working in tandem with the effect of gravitational attraction to the central body. It should be noted that these equilibrium locations strongly depend upon the system satisfying the assumptions of Kordyuk's image model [20] . Figure 3 graphs the FP required to establish a given surface separation and field-cooled separation between the HTSC and dipole. The zero crossings of Fig. 4 are the equilibrium separation distances in a specific case corresponding to the parameters in Table 1 .
V. Simulation and Control
One possible use of the linearized model described in the previous section is the development of a state-feedback controller. Continuing to use the parameters from Table 1 and linearizing about an equilibrium state associated with a nominal separation distance found from Fig. 4 creates a state-space model of the linearized system. Applying linear quadratic regulator control synthesis to this linear system creates a basic linear state-feedback control law of the form
where FP is the input required to establish the desired equilibrium separation. This constant input could be provided by either a permanent magnet or electromagnetic source. Figure 5 depicts the separation time history of the two spacecraft described by the parameters in Table 1 resulting from an initial displacement from the equilibrium state both with and without a state-feedback controller. In this case, the desired equilibrium state corresponds to Fig. 5 Time history of the separation distance between P 1 and P 2 given the parameters described in Table 1 for both an uncontrolled and state-feedbackcontrolled response to the same initial condition: a) separation time history between P 1 and P 2 , and b) control input time history of FP . The desired equilibrium state is described in Eq. (11 The large term corresponding to the perturbation u 1 effectively adds damping to the system, reducing the frequency of the oscillations compared to the uncontrolled case. Examining the eigenvalues of the A matrix defined in Eq. (A33) and of A BK for the controlled system determines the stability of the linearized dynamics. The eigenvalues for the uncontrolled and state-feedback-controlled systems linearized about Eq. (11) and the gain matrix K from Eq. (12) are given in Table 2 . The lack of positive real components of the eigenvalues for either A or A BK in Table 2 indicates that neither linear system is unstable. The final two eigenvalues with real components equal to zero, however, imply marginal stability for the linear system, which leaves the overall stability of the nonlinear system undetermined. The modes associated with these eigenvalues correspond to the out-of-plane motions of the system described by the 2 coordinate and its time derivative, _ 2 , which are known to act similarly to a simple harmonic oscillator in the absence of perturbations.
The second equilibrium point found in Fig. 4 represents an opportunity to command the system in such a way as to maintain a separation distance significantly farther away than the nominal fluxpinned separation. In this specific case, the second equilibrium state corresponds to q Table 3 lists the eigenvalues of the controlled and uncontrolled linear system about this equilibrium state. The positive real component of one of the eigenvalues of the uncontrolled system indicates that, without control, the system is unstable. This eigenvalue is associated with a combined motion of and 1 . In the controlled system, however, we see that none of the eigenvalues have positive real components, again implying marginal stability. Figure 6 depicts a sample time history of with and without the controller responding to nonequilibrium initial conditions. With the state-feedback control, the system reaches the nominal desired equilibrium value. Without it, however, the system drifts away from the prescribed equilibrium separation, as predicted in the eigenvalues of Table 3 . 6 Time history of the separation distance between P 1 and P 2 given the parameters described in Table 1 for both an uncontrolled and state-feedbackcontrolled response to the same initial condition: a) separation time history between P 1 and P 2 , and b) control input time history of FP . The desired equilibrium state is described in Eq. (13). 
VI. Conclusions
Flux pinning has the potential to passively stabilize the relative motion of individual noncontacting components in a generalized system. To demonstrate some of the properties of a flux-pinned system, we created a simplified model of a two-craft formation in a nominally circular orbit. The flux-pinning interaction between the spacecraft in combination with the effects of gravitational attraction to a common central body establish dynamic equilibria. Although the effects of the gravity gradient torque acting across the two vehicles establish the equilibrium of the attitude states, some parameter choices describing the flux-pinning connection have the potential to establish two equilibrium separation distances.
The first equilibrium separation is typically close to the fieldcooled separation and appears to be asymptotically stable with respect to the vehicle separation but marginally stable in some of the attitude motions. These stability properties are analogous to the effects of the gravity gradient torque on a rigid body. The second equilibrium separations are farther away than the field-cooled separation and appear to be unstable in the absence of control. These additional, more distant equilibria are created by the interaction between the internal force due to flux pinning and the effects of gravitational attraction on the central body. By implementing a simple linear state-feedback control law about these additional equilibrium states, we maintain separations between the vehicles greater than the field-cooled separations established with the cooling of the HTSC.
The mathematical framework developed provides a basis for modeling more complex formations and for linear analysis of this particular model. The flux-pinning forcing function used is a simplification of a complicated interaction with several active alternative descriptions with a variety of assumptions. The simplifications to our flux-pinning model effectively negate the torque interaction between the vehicles. In combination with the spherical spacecraft assumption, the lack of internal torques allows us to ignore the relative attitude between the vehicles and focus instead on the relative position of the two spacecraft. Although the uncontrolled separation trajectories simulated in the paper suggest that flux-pinned vehicles in orbit form passively stable arrangements, they do not definitively prove that to be the case.
Appendix: Derivation of Equations of Motion
The Appendix goes into a detailed formulation of both the nonlinear and linearized forms of the equations of motion for the system described earlier in the paper.
I. Equations of Motion

A. Configuration Description
The vector that points from the center of mass of the first spacecraft, P 1 , to the center of mass of the second spacecraft, P 2 , lies parallel to a unit vector b 1 pointing from the center of mass of the formation to either P 1 or P 2 .
From the definition of the formation center of mass, we can define the relation between 1 and 2 :
Combining Eqs. (A1) and (A2) relates the distance between P 1 and P 2 and the center of mass to the scalar .
where M m 1 m 2 .
A set of orthonormal basis vectors b 1 , b 2 , and b 3 are fixed in frame B that rotates with the formation defined by P 1 and P 2 . Similarly, the orthonormal vectorsr,ŝ, andŵ are fixed in a frame RSW that rotates with the formation center of mass. The relative attitude between these two coordinate systems can be described by a direction cosine matrix using two angle measures 1 Under the assumption of the formation center of mass traveling on a circular orbit, we need three generalized coordinates to capture the relative motion of P 1 and P 2 . Selecting coordinates , 1 , and 2 completely and uniquely describe the range of possible configurations of the system in terms of a spherical coordinate system of two angles and a length: We can now further define the angular velocity of B with respect to N in terms of , _ q 1 , _ q 2 , b 1 , b 2 , and b 3 through use of Eq. (A5).
The time derivative of the vector in B has a simple form:
From ! and B d=dt, we can define the time derivative of with respect to the inertial frame N :
Following the method of equation of motion generation outlined by Kane and Levinson, a set of generalized speeds u 1 , u 2 , and u 3 need to be defined [21] . These scalar quantities typically represent the measure numbers of a relevant velocity vector expressed in a particular set of basis vectors. Basing the selection of u 1 , u 2 , and u 3 on the scalar components of N d=dt from Eq. (A9), 
Combining Eqs. (A3), (A4), (A9), and (A10) defines the velocity vectors of P 1 and P 2 relative to their center of mass in the inertial frame N :
These velocities, in turn, define the partial velocities of P 1 and P 2 in N .
C. Generalized Inertia Forces
From Kane and Levinson, the equations of motion of a system are the sum of the generalized inertia forces and generalized active forces for each of the degrees of freedom in the system [21] . For an unconstrained system with n generalized speeds and v points of interest, the generalized inertia forces take the following form: 
where t 2 tan q 2 .
D. Generalized Active Forces
The generalized active forces associated with a particular generalized speed are the sum of the dot products between force resultants and appropriate partial velocities over all bodies: 
